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ABSTRACT

Linear perspective is constructed for a particular viewing location with respect to the scene being viewed and,
importantly, the location of the canvas between the viewer and the scene. Conversely, both the scene and the
center of projection may be reconstructed with some knowledge of the structure of the scene. For example, if it is
known that the objects depicted have symmetrical features, such as equiangular corners, the center of projection is
constrained to asingle line (or point) in space. For one-point perspective (with asingle vanishing point for all lines
that are not parallel to the canvas plane), the constraint line runs from the vanishing point perpendicular to the
canvas. For two-point perspective, in which the objects depicted are oblique to the canvas, the congtraint lineis a
semicircle joining the two vanishing points. A viewer located at any point on the circle will see the depicted
objects as rectangular and symmetric, and will have no grounds for knowing that the perspective was not
constructed for this viewing location (unless there are objects that are known to be square, i.e., a further symmetry
constraint on the object structures). This semi-circular line of rectangular validity forms a kind of horopter for two-
point perspective. Moving around this semi-circular line for an architectural scene gives the viewer the odd
impression of the architecture reforming itself in credible fashion to form an array of equally plausible structures.

1. BASIC RULES OF LINEAR PERSPECTIVE

The rules of perspective have been known for centuries, but it is worth reiterating a few of them as background for the
development of the new concept of a constraint line, or horopter, within the perspective domain. The domain of linear
perspective is the geometry of projection of the lines in a scene through a picture plane to a point in space
corresponding to the pupil of the viewing eye (Fig. 1). The picture plane would correspond to the canvas on which the
painter wishes to depict the scene. For correct perspective, the picture will generate the same arrangement of light rays
at the eye as did the scene behind it. When viewed from this point in space, therefore, the picture will form exactly the
same image on the retina as did the original scene. The different forms of perspective construction concern the rules
that apply to specific structures, but all are subcases of the same optical transform. It is important to be clear that the
laws of perspective projection have no relation to processes within the eye or the brain, but relate solely to the optical
information available at the eye from the projection plane.

Fig. 1. Projection of parallel lines in space. Three pardlel
lines in the scene at left are projected through a rectangular
picture plane to the point where the observer(s eye is located.
The light rays projecting to the eye are shown by dashed lines.
The three parallel lines project as straight lines in the picture, .
but not as parallel because their orientation is not paralle to the o m>
picture plane. The point in the picture where the projected za’-' Eye
lines converge is termed the vanishing point (VP). :

Picture plane




The eye forms the center of projection for the perspective construction. The center of projection is a physical location
in front of the picture plane for which the perspective provides the veridical information for the three-dimensional
scene. In general, viewing the picture from any other location generates a distorted projection corresponding to a
different visual scene.

All straight lines in space project to straight lines (or points, in the limit) in the picture plane. This fact is a simple
consequence of the geometry of projection through a point in space (corresponding to projection through the pupil of
one eye). If alineis parallel to the picture plane, it must project to a straight line on the picture plane by virtue of the
similar triangles formed with their apex at the eye. Obvioudly, rotating the line within the plane of projection will not
introduce any curvature, just a change in its extent within the line of projection. In the limit, the projected line may
contract to a point in the picture plane when the line is viewed head on. Lines of any orientation can be described by
this construction. Thus, all such point projections of straight lines are to straight lines or points. There are no casesin
which the perspective transform through a point introduces curvature of straight lines.

The projections of all sets of parallelsin space meet at their mutual vanishing point somewhere in the picture plane (Fig.
1). Eachdifferent set of parallel lines ends at a different vanishing point (which may be at infinity in the special case of
sets that are parallel to the picture plane). This common vanishing point applies to all lines parallel to a particular line,
regardless of where in the visual field the lines arise. Thus, the first job in perspective projection is to identify all the
lines in the scene that are parallel to each other, then make sure that they are drawn so as to project to a common
vanishing point.
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Fig. 2A. A painter at his canvas painting a scene of a rectangular grid with ziggurat. Dashed lines in the grid are paralel to the
canvas (transversals), solid lines are perpendicular to it. B. Depiction of the scene as projecting to the plane of the canvas, with the
perpendicular lines converging at the central vanishing point, while the transversals remain paralel to it.



Parallel lines in space that are also parallel to the picture plane remain parallel to each other in the projection. This
leads to the particular case of one-point perspective, in which all the lines on the scene are either parallel with the line of
sight or at right angles to it, parallel with the picture plane. Such lines are illustrated in the overhead view of the artist
before his canvasin Fig. 2A. The scene consists of a pyramid structure on atiled surface. The edges of the tiles that
are paralel to the picture plane are shown as dashed lines, and will project as parallel in the picture. The edges that are
at right angles to the picture plane are shown as solid lines, and will all project as converging to the central vanishing
point in the picture. The same rules are apply to the lines in the ziggurat, although they are all shown solid for the 3D
effect. Theresulting pictureis showninFig. 2B.

It is important to note that, if the vanishing point in central perspective is displaced from the center of view, the
simplicity of the central perspective construction has been violated and a second vanishing point arises at 90” from this
displaced vanishing point (for lines in the same plane). Each displacement implies a different location for the
orthogonal vanishing point, aligned diametrically opposite the direction of the displacement.

2. THE IMPORTANCE OF ANGLE OF VIEW

The viewer[s angle to any pair of vanishing points is the same as the angle between the generating parallels

in space, regardless of their angle of projection in the picture. In particular, the vanishing points for any 90" angle in
space form a 90" angle at the viewer's eye (Fig. 4). This result may be seen by considering the members of their
respective parallel bundles heading directly toward the viewer's eye. These lines at the eye form the same angle as any
other pair from the two bundles. The angle between these lines at the eye, and hence the viewing angle between the
vanishing points, therefore matches the angle of the linesin space.

90"

Fig. 3. For objects viewed at 45[] the viewer[$ angle to the vanishing pointsis 90", matching the angle between the edges of the cube
that generated the vanishing points.



A classic case of the 90° rule is the diagonals of any sgquare, which are always at 90° to each other. The vanishing
points (or "distance points', da Vinci, 1492) for these diagonals should therefore form a 90° angle at the center of
projection, regardless of their orientation in space. Rotate the angle in any direction whatever in three-dimensional
space (even to the point of complete foreshortening) and the vanishing points will nonetheless hold to a strict 90° angle
at the viewer® eye. In terms of pictorial distance, this angle between the vanishing points corresponds to the same
distance in the picture plane (except for the tan transform for projection of the equal angles at the eye onto the plane).

3. PERSPECTIVE DEPTH PERCEPTION, MARGINAL DISTORTIONS, AND STEREOSCOPIC
PERSPECTIVE.

A particular case of perspective distortion is the marginal distortions illustrated by the well-known courtyard scene
constructed by Vredemann de Vries. A glance at this figure gives the impression that the obelisk-shaped pillars, in
particular, are strongly splayed out and obliquely skewed. Yet, paradoxically, this figure was constructed according to
the precise laws of perspective. It is, in fact, predominantly a two-point perspective construction, with the two
vanishing points arranged vertically one above the other at a separation of about 14 cm, implying that the center of
projection is 7 cm (~3 inches) away from the page, in front of the white disk overlaid at the center of the picture. In
order to view the perspective veridically according to its construction, therefore, the picture should be viewed at this
close distance, afeat that isimpossible for all but the strongest myopes.

Fig. 4. Extreme perspective depiction of a courtyard, by Vredemann de Vries (1605).

If one makes a copy of this figure and expands to a point where the center of projection is accessible, a remarkable
observation is made. When viewed from the center of projection, all the marginal distortions appear to evaporate. The
splay is corrected and the obelisk pillars are seen as symmetrical on rectangular bases, all pointing in the same direction.
This should not be surprising because the perspective was constructed for symmetrical pillars, so when viewed from the



