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Abstract— A general framework for defining generative
models of images is Markov random fields (MRF’s), with
shift-invariant (homogeneous) MRF’s being an important
special case for modeling textures and generic images. Given
a dataset of natural images and a set of filters from which fil-
ter histogram statistics are obtained, a shift-invariant MRF
can be defined (as in Zhu [12]) as a distribution of im-
ages whose mean filter histogram values match the empiri-
cal values obtained from the data set. Certain parameters
in the MRF model, called potentials, must be determined
in order for the model to match the empirical statistics.
Standard methods for calculating the potentials are com-
putationally very demanding, such as Generalized Iterative
Scaling (GIS), an iterative procedure that converges to the
correct potential values. We apply the Bethe-Kikuchi ap-
proximation, a standard technique from statistical physics,
to speed up the GIS procedure. Results are demonstrated
on a model using two filters, and we show synthetic images
that have been sampled from the model. Finally, we show
a connection between GIS and our previous work on the
g-factor.

Keywords— Markov random fields, Generalized Iterative
Scaling, Minimax Entropy Learning, histogram statistics.

I. INTRODUCTION

It is increasingly important to learn generative models
for vision from real data. A general framework for defin-
ing generative models of images is Markov random fields
(MREF’s), which may be used to define a probability dis-
tribution on an entire image pixel lattice. An MRF prob-
ability distribution is defined in terms of clique potential
functions, referred to as ”potentials,” which are functions of
local clusters of pixels (”cliques”) that enforce the desired
statistical relationships among the pixel intensity values in
these clusters. An important sub-class of MRF’s are those
that are shift-invariant (homogeneous), i.e. those for which
the potential functions are the same from clique to clique.
Shift-invariant MRF’s can be used for modeling statisti-
cally homogeneous patterns such as textures and generic
images. Pioneering work by Zhu, Wu, and Mumford [12]
introduced the Minimax Entropy Learning scheme which
enabled them to learn shift-invariant MRF distributions for
images based on filter histograms obtained from a dataset
of images. This work gave an elegant connection between
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generative models on images (eg. [12],[11]) and empirical
studies of the statistical properties of images, for example
see [7],[6], [5]-

Learning MRF distributions from empirical image data
requires calculating the values of the potential functions
that result in a distribution which is consistent with the
empirical data. (This corresponds to the classic problem of
estimating the parameters of a log-linear model.) Standard
methods for calculating the potentials are computation-
ally very demanding, such as Generalized Iterative Scaling
(GIS), an iterative procedure due to Darroch and Ratcliff
[3] that is guaranteed to converge to the correct poten-
tial values. GIS may be thought of as a form of steepest
descent in which each iteration updates the potential val-
ues. For the type of MRF we consider in this paper, shift-
invariant MRF’s defined in terms of histograms of filter
responses, each iteration of GIS requires calculating the
mean filter histogram values, or histogram expectations,
given the current value of the potentials. Calculating the
histogram expectations is the computational bottleneck of
GIS, since closed-form expressions for these expectations
are intractable, and estimating expectations by methods
such as MCMC is very slow.

To speed up this bottleneck, we apply recent work on
the Bethe-Kikuchi approximation [9], which is a standard
approximation in statistical physics [4], to estimate the his-
togram expectations at each step of GIS. Since the Bethe-
Kikuchi approximation is a variational procedure that re-
quires constrained optimization, we employ the recently
devised CCCP algorithm [10] to perform the required con-
strained optimization. We apply the CCCP algorithm in a
way that exploits the homogeneous structure of the MRF,
resulting in an algorithm that converges quickly to a solu-
tion of the Bethe-Kikuchi approximation. We demonstrate
our work by learning MRF models for generic images and
generating corresponding image samples.

In addition, we show a direct relationship between the
GIS algorithm and a previous method, called the multi-
nomial approximation, proposed for estimating potentials
using an independence assumption [2]. We show that this
previous approach corresponds to the first iteration of the



GIS algorithm with uniform initial conditions. This means
that a single iteration of GIS can be sufficient to get a good
approximation to the MRF potentials.

In Section (II), we briefly review Markov random fields
and Minimax Entropy Learning. Section (III) introduces
the Generalized Iterative Scaling algorithm and demon-
strates that the first iteration of GIS corresponds to the
multinomial method. In Section (IV) and (V) we describe
how the Bethe-Kikuchi approximation and a CCCP algo-
rithm can be used to speed up GIS. Section (VI) gives
results. Finally, in an appendix we review the multinomial
approximation method.

II. SHIFT-INVARIANT MARKOV RANDOM FIELDS

Suppose we have training image data which we assume
has been generated by an (unknown) probability distribu-
tion Pr(Z), where & represents an image. A Markov ran-
dom field (MRF) may be used to construct a generative
model of Pr(Z), and one procedure for defining an appro-
priate MRF is given by Minimax Entropy Learning (MEL)
[12]. The MEL procedure approximates Py (&) by select-
ing the distribution with maximum entropy constrained by
observed feature statistics < 5(:3) >= 1/70,,5. This gives
the exponential form P(i:‘|X) = %’:\ET)
tor of parameters, called the potentials, chosen such that
Y P@ENo(@) = $ops. This procedure is equivalent to
performing maximum likelihood estimation of X given the
exponential form.

We will treat the special case where the statistics (Z
are the histogram of a shift-invariant filter {f;(Z) : i =
1,...,N}, where N is the total number of pixels in the im-
age. So P, = ¢.(¥) = % Efil Oa,f:(z) Where a = 1,...,Q
indicates the (quantized) filter response values. The po-
tentials become X - (&) = + Eanl Zfil Aa)da f(z) =
+ Efil A(fi(#)). Hence P(#|X) becomes a MRF distribu-
tion with clique potentials given by A(f;(Z)). This deter-
mines a shift-invariant Markov random field with the clique
structure given by the filter responses {f;}.

Multiple filters may be used simultaneously. We denote
each of the M filters by fi(k) (%), where the superscript k
ranges from 1 through M and labels the filter. In this case
the distribution becomes

, where A is a vec-
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where X(®) labels the M potentials and J)Tk) labels the M
statistics. The potentials are chosen so that < ¢(¥) (&) >=

@Z?(()]Zl for each k. (The choice of which filters should be used
is prescribed by a feature selection stage based on a mini-
mum entropy principle, which favors filters that lower the

entropy of the distribution on images as much as possible.)
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Estimating the value of the potentials Xis computation-
ally very demanding. Standard procedures entail perform-
ing steepest descent on _5;, with stochastic sampling of the
entire distribution P(#|\) required at each iteration. The
goal of this paper is to introduce a technique for rapidly
estimating the potentials based on Generalized Iterative
Scaling and the Bethe-Kikuchi approximation.

III. GENERALIZED ITERATIVE SCALING

In this section we introduce Generalized Iterative Scal-
ing (GIS)[3] and explain the connection between it and the
multinomial approximation, which is an approximation de-
scribed in the Appendix that gives a rapid procedure for
estimating potentials. GIS is an iterative procedure for cal-
culating clique potentials that is guaranteed to converge to
the maximum likelihood values of the potentials given the
desired empirical filter marginals (e.g. filter histograms).
We show that estimating the potentials by the multinomial
approximation is equivalent to the estimate obtained after
performing the first iteration of GIS.

The GIS procedure calculates a sequence of distributions
on the entire image (and is guaranteed to converge to the
correct maximum likelihood distribution), with an update
rule given by P+ (%) o« PO () ngl{ﬁ; }22(®) | where
zb,(lt) =< ¢a() >pe(z) is the expected histogram for the
distribution at time ¢. This implies that the corresponding
clique potential update equation is given by:

A = A0 4 log g2 —log y(P. (2)

We note that the GIS procedure exploits the fact that
the filter histograms 2% and w[(f) are normalized to 1. If
two or more filters are used it can be shown that the GIS
update procedure must be modified to the following form:

AT = AW 4 (1/M) (log y® —log ™) (3)

for M filters, where the superscript k ranges from 1 through
M and labels the filter.

If we initialize GIS so that the initial distribution is
the uniform distribution on images, i.e. PO (&) = LN,
then the distribution after one iteration is P (&) o
BIRAC) 10g(¢;b3/aa), where the {a,} components are the
mean histogram under a distribution of uniformly random
images, see the Appendix for details. In other words, the
distribution after one iteration is the MEL distribution with
clique potential given by the multinomial approximation.

IV. CoNTINUING GIS usING BETHE-KIKUCHI

We can iterate GIS to improve the estimate of the clique
potentials beyond the accuracy of the multinomial approxi-
mation. The main difficulty lies in estimating z/;t(f) fort >0
(at ¢ = 0 this expectation is just the mean histogram with



respect to the uniform distribution, «,, which may be cal-
culated efficiently as described in Coughlan and Yuille, in
preparation). One way to approximate these expectations
is to apply a Bethe-Kikuchi approximation technique [9],
used for estimating marginals on Markov Random Fields,
to our MEL distribution. Our technique, which was in-
spired by the Unified Propagation and Scaling Algorithm
[8], consists of writing the Bethe free energy [9] for our 2-
d image lattice, simplifying it using the shift invariance of
the lattice (which enables the algorithm to run swiftly), and
using the Convex-Concave Procedure (CCCP) [10] proce-
dure to obtain an iterative update equation to estimate the
histogram expectations.

We first define the Bethe-Kikuchi free energy and then
apply it to the case of two filters, 9/0x and 0/dy, on a 2-d
image lattice. We write the MRF probability distribution
on the image # in the form P(Z) = [], ; ¥; (2, z;)/Z,
where the product H is over all pairs of neighboring pix-
els z; and z; (with the restriction i < J to avoid double-
counting the interactions). This form is a general way of
re-expressing the MEL distribution for filters whose sup-
port is two pixels. In other words, f;(Z) is a function only
of two pixels for each ¢, i.e. f;(¥) = f(z;,2;) where z; is
the appropriate neighbor of pixel z;. The Bethe-Kikuchi
free energy is

bij(xi, )
F = Z Z bij(zi, x;) log ————= U5 (2,7;)

6,J Tij
—Z( -1 Zb

where b;(z;) are the unary marginals on individual pixels,
bi;j(z;, ;) are the binary marginals on neighboring pairs of
pixels and ¢; is the number of pixels directly coupled to
pixel i (g; = 4 in the case of the filters d/0z and 0/dy
applied to a 2-d lattice).

Lagrange multipliers must be added to the Bethe-
Kikuchi free energy to enforce the normalization of the
unary marginals b;(z;) and their consistency with the bi-
nary marginals b; j(z;, ;). We write these constraints as

follows:
Z %’(Z bi(w) —
20D i) big(e,y) -
+ Z > i) (O bijla,y) —

where 7;, p; ;(y) and p;;(x) are Lagrange multipliers (and
as before we restrict i < j).

When the Bethe-Kikuchi free energy is minimized with
respect to the marginals {b;(z;)} and {b;;(z;, z;)}, such
that the Lagrange multiplier constraints are satisfied, then

;) log b;(x;) (4)

bj(y))

bi()) (5)
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the marginals approximate the true marginals of the dis-
tribution P(Z) = [, ; ¥i;(wi,z;)/Z, namely {P(z;,z;)}
and {P(z;)}. The marginal estimates may then be used to
calculate the histogram expectations required by the GIS
update equation (2), since by shift invariance we have that
< (@) >= 32, ., P(@i, )00, 1 (21 ,2;) for any i (and ap-
propriate neighbor ])

We can discretize the expression for the z and y deriva-
tive filters as x;4Ap —x; and x;4 A, — x4, respectively, where
Zi+An denotes the pixel just to the right of pixel z; and
Zi+Av denotes the pixel just above pixel z;. Since these
filters introduce only nearest-neighbor interactions on the
lattice, we can group these interactions into horizontal and
vertical interactions, and we can express the Bethe-Kikuchi
free energy as

F = Z Z bh; (Ti, iy an) log —————%

i TiTipAR

+Z Z by, (i, TitAy) log ———————%

i T, TitAw
—3ZZb

plus the Lagrange multiplier terms.

Exploiting the shift invariance of the lattice we get
that bi(z;) = b(z;), bu,(Ti,Tivan) = bu(®i, Titan),
by, (i, Tivny) =  by(wi, Tizay), and similarly that
Un, (T, Tiyan) = Un(i, Tivan), Yo (TiTipa,) =
Yy (T, Tiray). As a result, the Bethe-Kikuchi free energy
per pixel can be re-expressed as

b (1’“ mz+Ah)
Uy, (xu xH—Ah)

bvl (1’“ mz+Av)
U, («7517 mz—i—Av)

;) log b;(z;) (6)

F/N = thxylog%

+Zb (z,y log‘;((’y —SZb Ylogb(z)  (7)

z,Y

plus the following Lagrange multiplier terms:

YO b@) =1+ (@)Y bale,y) — b(x))

+ 3 @)D bale,y) = b(y))

+ 3 oa @)X bul,y) - b))

+ 3 ho2@) O bz, ) — b)) (8)



V. CCCP UPDATES

We use the CCCP procedure [10] to write simple up-
date equations which will lower the Bethe-Kikuchi free en-
ergy monotonically, and hence allow us to estimate the
marginals and thereby iterate the GIS update equation.

We express the Bethe-Kikuchi free energy equation (7)
plus Lagrange multiplier terms in equation (8) as a sum of a
concave energy function F,,. and a convex energy function
Eyeq:

Eave - _4Zb(l’) lOg b(x), (9)
Ever = Y bi(z,y)log %

+ 3 by log 228 L S0 0g b(a)

o o(,9)

+Lagrange constraints. (10)

The CCCP update equation is given by:

VEyeo (FH)) = —VE, (29) (11)
where 2" denotes the vector of all marginals by(.,.), by(.,.),
b(.), such that the Lagrange multiplier constraints are sat-
isfied at each time ¢t. This update equation gives rise to
a “double-loop” algorithm consisting of an outer loop, in
which the marginals are updated as a function of their pre-
vious values and of the Lagrange multipliers, and an inner
loop, in which the Lagrange multipliers are updated.

The outer loop updates are obtained directly from equa-
tion (11):

plt+1) (z) = e3 [b(t) (m)]4e—v+uh1 (@) +pn2(2)+ o1 (2)+po2(2)

(12)
b2t+1)(m,y) _ %(m’y)e—lewm(z)whz(y) (13)

and
bg}tJrl)(:L‘, y) =1, (1., y)efle*uvl(m)*uvz(y) (14)

The inner loop equations update one Lagrange multiplier
at a time so as to properly impose the Lagrange constraints
(several iterations of the inner loop may be required to sat-
isfy the constraints). They are obtained by writing the con-
straint conditions in terms of the above outer loop expres-
sions for the marginal updates. The v update is obtained
from the condition ) b(z) = 1:

e = Z 63[b(m)]4eﬂhl(z)+ﬂh2($)+l—’/v1(z)+ﬂv2($) (15)

T

where 7"¢% is shorthand for 4(7*1) | the Lagrange multipli-
ers on the right-hand side are the values at time 7, and b(x)
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is shorthand for b® (z). (The time superscript 7 counts up-
dates within the inner loop, while the superscript ¢ counts
updates within the outer loop.)

The marginal consistency constraint }°, bx(z,y) = b(z)
yields the update for pp:

Yz, y)et —Hm (@) —rna(y)

Q2R (@) — 20 ()

63[b(x)]4e—’veuh1(w)+uhz(x)+uv1(m)+uu2(x)

(16)

(The same superscript convention is used as before.) Sim-

ilarly, the marginal consistency constraints Zy by(z,y) =

b(x), 3, bu(x,y) = bly) and 3, bu(z,y) = b(y), respec-
tively, give rise to the other update equations:

Uy (2, 9)e " H (z) = pv2(y)
e3[b(x)]te~vern (@) tunz () +pvi(z)+hv2(2)
(17)

Q2005 (@)  g2un (@)

VY (z,y)et —Hm (@) —rna(y)
e3[b(y)]4erenn (¥)+rn2(y)+ro1 () +ro2(y)
(18)

e2tns" (v) — g2un2(w)

P (CE, y)e—l—uvl(z)—uvz(y)

e3 [b(y)]4e—’veuh1(y)+uhz(y)+uv1(y)+uu2(y) ’
(19)
Note that the Lagrange multiplier update equations
above are calculated sequentially rather than in parallel
(convergence is not guaranteed for paralled updates). Sev-
eral iterations (empirically, about five to ten suffice for our
application) of the inner loop are performed to update the
Lagrange multipliers, followed by one iteration of the outer
loop equations to estimate the marginals. This procedure is
repeated until convergence is obtained (empirically, about
fifteen repetitions suffice).

2105 (¥) — 2mv2(2)

VI. RESULTS

The CCCP algorithm was used to evaluate the histogram
expectations required by GIS. Although the GIS update
equation (3) is guaranteed to converge to the correct solu-
tion if the histogram expectations are calculated exactly,
the fact that the expectations are calculated only approxi-
mately in the Bethe-Kikuchi framework means that conver-
gence can be adversely affected. To circumvent this prob-
lem, we used a modified GIS update equation that makes
more conservative updates to avoid instabilities:

AG(ED = AR 4 8(1/M) (log o> —log =) (20)

where 3 < 11is a coefficient that sets the scale of the update
(8 = 1 corresponds to standard GIS). We chose 8 = 0.2 as
a compromise between stability and speed of convergence.

To test the algorithm on the MEL distribution with the
8/0x and 0/8y filters, we initialized the potentials X(*)



and X® to the values given by the multinomial approxi-
mation (see Appendix). The modified GIS update equa-
tions converged (though with some oscillation) after about
15 iterations (using 10 outer loop iterations and 10 inner
loop iterations in CCCP). The algorithm took about thirty
seconds (on a Pentium 400 MHz PC) to complete its iter-
ations.

Figure (1) shows the empirical 9/0z filter response
marginal obtained from natural images (taken from the
Sowerby database of rural images), the potential deter-
mined by the multinomial approximation, and the error be-
tween the empirical marginal and the marginal obtained us-
ing the multinomial potential (estimated using the Bethe-
Kikuchi method). Note that the long, heavy tails char-
acteristic of filter marginals obtained from natural images
are obscured here due to the coarse quantization of filter
response values a. (Results are almost identical for the
0/0y filter.) The multinomial potentials correspond to the
first iteration of GIS when it is initialized with uniform
potentials.

In our experiments we initialized GIS with the multino-
mial potentials. After running the algorithm, the potential
was only slightly changed, but the error was reduced, as
shown in Figure (2). (Note that the vertical axis scale is
about an order of magnitude larger in the first figure rela-
tive to the second.)

The potentials obtained by GIS were used to generate
samples by an MCMC sampler, which are shown in Fig-
ure (3).

VII. DISCUSSION

This paper applied the Generalized Iterative Scaling al-
gorithm [3] to the problem of learning MRF potentials [12]
from image histograms. We proposed a new Bethe-Kikuchi
approximation [4],[9] and a CCCP algorithm [10] to speed
up a crucial stage of the GIS algorihtm. In addition, we
demonstrated that the first iteration of GIS corresponds to
an approximate method for estimating potentials [2].

We note that our method can be generalized to apply to
any set of filters (of arbitrary form, linear or non-linear) by
using higher-order Kikuchi [9] approximations. (The Bethe
approximation is directly applicable only for filters whose
support size is two pixels.) However, this generalization
comes at the cost of a computational complexity that in-
creases exponentially in the support size of the filters. An
alternative scheme is to introduce auxiliary variables that
allow the use of the Bethe approximation for any size fil-
ters, with a computational cost that is linear in the size of
the filters. It remains to be seen if this technique is prac-
tical, both in terms of computational complexity and the
quality of the underlying Bethe approximation. Finally, we
point out that our method is formulated for MRF’s defined
in terms of filter marginals, and it is straightforward to ex-
tend the method to handle joint histograms of two or more
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Fig. 1. Top panel, observed marginal for 8/0x filter response val-
ues obtained from natural images. (Horizontal axis indicates value
of 8/dz filter response, vertical axis indicates empirical probability.)
Middle panel, potential determined by multinomial approximation,

shown as —/\t(f) along vertical axis with a = filter response of 8/8x
filter displayed along horizontal axis. Bottom panel displays error,
i.e. difference between observed marginal and the marginal obtained
using the multinomial potential, along vertical axis, as a function of
o along horizontal axis.

filters. (However, is unclear how to extend the method to
distributions defined in terms of moments of filters.)

VIII. ApPPENDIX: THE ¢g-FACTOR AND THE
MULTINOMIAL APPROXIMATION

This section defines the g-factor function, which was in-
troduced in earlier work [1], [2] to establish connections
between the distribution on images, P(#|X), with the cor-
responding distribution induced on features. The g-factor
also motivated the multinomial approximation, which was
used to determine an efficient procedure for approximating
the potentials.
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Fig. 2. Top panel, potential obtained from GIS using the Bethe-
Kikuchi approximation. Bottom panel shows error, which is smaller
than than that obtained using multinomial potential (previous fig-
ure). (Same axes as in the last two panels of the previous figure,
except that the vertical scale for the error is smaller than the version
in the previous figure.)

Fig. 3. Stochastic image samples, obtained by an MCMC algorithm,
of the MRF distribution whose potentials have been determined by
GIS using the Bethe-Kikuchi approximation.

-

The g-factor g(v) is defined as follows:
(21)

Here L is the number of grayscale levels of each pixel, so
that LY is the total number of possible images. The g-
factor is essentially a combinational factor which counts
the number of ways that one can obtain statistics 1/_;, see
figure (4). Equivalently, we can define an associated distri-
bution Py(¢) = 7 g(), which is the default distribution
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on Z/_; if the images are generated by uniform noise (i.e.
completely random images).

X space —»  space

g(y) = number of images X
with histogram

Fig. 4. The g-factor g(¢) counts the number of images Z that have

statistics . Note that the g-factor depends only on the choice of
filters and is independent of the training image data.

We can use the g-factor to compute the induced distri-
bution P(1|\) on the statistics determined by MEL:

Sl = S . g(f)e X-¥
PN = 305 50 P@EN = 225~ (22)
z Z[A]
where the partition function is:
(23)

=Ygt
¥

Observe that both P(4|X) and log Z[X] are sufficient for

computing the parameters X. The X can be found by
solving either of the following two (equivalent) equations:

P P|X) = oy, or 810§>\Z[A] = thops, which shows that

knowledge of the g-factor and XY are all that is required
to do MEL.

Observe from equation (22) that we have }5(1/7|X =0) =
Py()). In other words, setting X =
uniform distribution on the images &.

0 corresponds to a

A. The Multinomial Approzimation

We now consider the case where the statistic is a single
histogram. Our results, of course, can be directly extended
to multiple histograms. We describe the multinomial ap-
proximation of the g-factor and discuss the procedure it
prescribes for estimating the potentials.

We rescale the X variables by N so that we have:
P = o p = g, (21)
T = =, ) =g RO
Z[Al Z[Al

We now consider the approximation that the filter re-
sponses { f;} are independent of each other when the images
are uniformly distributed. This is the multinomial approzi-
mation. It implies that we can express the g-factor as being
proportional to a multinomial distribution:

. N
9W) = N(Nz/)l)!...



where Z§:1 s = 1 (by definition) and the {a,} are the
means of the components {¢,} with respect to the distri-
bution Py(1). As we will describe later, the {a,} will be
determined by the filters {f;}. See Coughlan and Yuille, in
preparation, for details of how to compute the {a,}.

This approximation enables us to calculate MEL analyt-
ically.

Theorem With the multinomial approzimation the log
partition function is:

Q
lOg Z[_‘] = NlogL + Nlog{ze)\aJrlog aa}’

a=1

(26)

and the “potentials” {\,} can be solved in terms of the
observed data {Yops,q} to be:

bobse (1, Q.

Qq

Ao = log (27)
We note that there is an ambiguity A\, — A\, + K where K
is an arbitrary number (recall that Z?:l P(a) =1). We
fix this ambiguity by setting X=0 if d = 1/70,,5.

Proof. Direct calculation, using the fact that log Z[A]

djabs .

Our simulation results show that this simple approxima-
tion gives the typical potential forms generated by Markov
Chain Monte Carlo (MCMC) algorithms for Minimax En-
tropy Learning.
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