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Algorithms from statistical physics for generative models of images
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Abstract

A general framework for defining generative models of images is Markov random fields (MRFs), with shift-invariant (homogeneous)

MRFs being an important special case for modeling textures and generic images. Given a dataset of natural images and a set of filters from

which filter histogram statistics are obtained, a shift-invariant MRF can be defined (as in [Neural Comput. 9 (1997) 1627]) as a distribution of

images whose mean filter histogram values match the empirical values obtained from the data set. Certain parameters in the MRF model,

called potentials, must be determined in order for the model to match the empirical statistics. Standard methods for calculating the potentials

are computationally very demanding, such as Generalized Iterative Scaling (GIS), an iterative procedure that converges to the correct

potential values. We define a fast approximation, called BKGIS, which uses the Bethe-Kikuchi approximation from statistical physics to

speed up the GIS procedure. Results are demonstrated on a model using two filters, and we show synthetic images that have been sampled

from the model. Finally, we show a connection between GIS and our previous work on the g-factor.

q 2002 Published by Elsevier Science B.V.
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1. Introduction

It is increasingly important to learn generative models for

vision from real data. A general framework for defining

generative models of images is Markov random fields

(MRFs), which may be used to define a probability

distribution on an entire image pixel lattice. An MRF

probability distribution is defined in terms of clique

potential functions, referred to as ‘potentials’, which are

functions of local clusters of pixels (‘cliques’) that enforce

the desired statistical relationships among the pixel intensity

values in these clusters. An important sub-class of MRFs are

those that are shift-invariant (homogeneous), i.e. those for

which the potential functions are the same from clique to

clique. Shift-invariant MRFs can be used for modeling

statistically homogeneous patterns such as textures and

generic images. Pioneering work by Zhu et al. [12]

introduced the Minimax Entropy Learning (MEL) scheme

which enabled them to learn shift-invariant MRF distri-

butions for images based on filter histograms obtained from

a dataset of images. This work gave an elegant connection

between generative models on images (e.g. [11,12]) and

empirical studies of the statistical properties of images, for

example see Refs. [6–7].

Learning MRF distributions from empirical image data

requires calculating the values of the potential functions that

result in a distribution which is consistent with the empirical

data. (This corresponds to the classic problem of estimating

the parameters of a log-linear model.) Standard methods for

calculating the potentials are computationally very demand-

ing, such as Generalized iterative scaling (GIS), an iterative

procedure due to Darroch and Ratcliff [3] that is guaranteed

to converge to the correct potential values. GIS may be

thought of as a form of steepest descent in which each

iteration updates the potential values. For the type of MRF

we consider in this paper, shift-invariant MRFs defined in

terms of histograms of filter responses, each iteration of GIS

requires calculating the mean filter histogram values, or

histogram expectations, given the current value of the

potentials. Calculating the histogram expectations is the

computational bottleneck of GIS, since closed-form

expressions for these expectations are intractable, and

estimating expectations by methods such as Markov Chain

Monte Carlo (MCMC) is very slow.

To speed up this bottleneck, we apply recent work on the

Bethe-Kikuchi approximation [9], which is a standard

approximation in statistical physics [4], to estimate the

histogram expectations at each step of GIS. We name this

algorithm BKGIS. Since the Bethe-Kikuchi approximation

0262-8856/02/$ - see front matter q 2002 Published by Elsevier Science B.V.

PII: S0 26 2 -8 85 6 (0 2) 00 1 34 -8

Image and Vision Computing xx (0000) 1–8

www.elsevier.com/locate/imavis

* Corresponding author.

E-mail addresses: coughlan@ski.org (J. Coughlan), yuille@ski.org

(A. Yuille).

IMAVIS 1930—22/11/2002—16:42—UMASHANKAR—57474— MODEL 5

ARTICLE IN PRESS

1

2

3

4

5

6

7

8

9

10

11

12

13

14

15

16

17

18

19

20

21

22

23

24

25

26

27

28

29

30

31

32

33

34

35

36

37

38

39

40

41

42

43

44

45

46

47

48

49

50

51

52

53

54

55

56

57

58

59

60

61

62

63

64

65

66

67

68

69

70

71

72

73

74

75

76

77

78

79

80

81

82

83

84

85

86

87

88

89

90

91

92

93

94

95

96

97

98

99

100

101

102

103

104

105

106

107

108

109

110

111

112

http://www.elsevier.com/locate/imavis


UNCORRECTED P
ROOF

is a variational procedure that requires constrained optim-

ization, we employ the recently devised CCCP algorithm

[10] to perform the required constrained optimization. We

apply the CCCP algorithm in a way that exploits the

homogeneous structure of the MRF, resulting in an

algorithm that converges quickly to a solution of the

Bethe-Kikuchi approximation. We demonstrate our work by

learning MRF models for generic images and generating

corresponding image samples.

In addition, we show a direct relationship between the

GIS algorithm and a previous method, called the multi-

nomial approximation, proposed for estimating potentials

using an independence assumption [2]. We show that this

previous approach corresponds to the first iteration of the

GIS algorithm with uniform initial conditions. This means

that a single iteration of GIS can be sufficient to get a good

approximation to the MRF potentials. The same relationship

holds for BKGIS.

In Section 2, we briefly review MRFs and MEL. Section

3 introduces the GIS algorithm and demonstrates that the

first iteration of GIS corresponds to the multinomial

method. In Sections 4 and 4.2 we describe the BKGIS

algorithm which uses the Bethe-Kikuchi approximation and

a CCCP algorithm to speed up GIS. Section 5 gives results.

Finally, in Appendices A and B we review the multinomial

approximation method and show how its properties can be

computed efficiently.

2. Shift-invariant Markov random fields

Suppose we have training image data which we assume

has been generated by an (unknown) probability distribution

PT ð~xÞ; where ~x represents an image. A MRF may be used to

construct a generative model of PT ð~xÞ; and one procedure

for defining an appropriate MRF is given by MEL [12]. The

MEL procedure approximates PT ð~xÞ by selecting the

distribution with maximum entropy constrained by

observed feature statistics k ~fð~xÞl ¼ ~cobs: This gives the

exponential form Pð~xl ~lÞ ¼ exp½ ~l· ~fð~xÞ�=Z½ ~l�; where ~l is a

vector of parameters, called the potentials, chosen such thatP
x Pð~xllÞfð~xÞ ¼ ~cobs: This procedure is equivalent to

performing maximum likelihood estimation of ~l given the

exponential form.

We will treat the special case where the statistics ~f are

the histogram of a shift-invariant filter {fið~xÞ : i ¼ 1;…;N};

where N is the total number of pixels in the image. So

ca ¼ fað~xÞ ¼ ð1=NÞ
PN

i¼1 da;fið~xÞ
where a ¼ 1;…;Q indi-

cates the (quantized) filter response values. The potentials

become ~l· ~fð~xÞ ¼ ð1=NÞ
PQ

a¼1

PN
i¼1 lðaÞda;fið~xÞ

¼ ð1=NÞ �PN
i¼1 lðfið~xÞÞ: Hence Pð~xl ~lÞ becomes a MRF distribution

with clique potentials given by lðfið~xÞ: This determines a

shift-invariant MRF with the clique structure given by the

filter responses {fi}:

Multiple filters may be used simultaneously. We denote

each of the M filters by f ðkÞi ð~xÞ; where the superscript k

ranges from 1 through M and labels the filter. In this case the

distribution becomes

Pð~xl ~lð1Þ;…; ~lðMÞÞ ¼

exp
XM
k¼1

~lðkÞ· ~fðkÞð~xÞ

" #

Z½ ~lð1Þ;…; ~lðMÞ�
; ð1Þ

where ~lðkÞ labels the M potentials and ~fðkÞ labels the M

statistics. The potentials are chosen so that k ~fðkÞð~xÞl ¼ ~c
ðkÞ
obs

for each k. (The choice of which filters should be used is

prescribed by a feature selection stage based on a minimum

entropy principle, which favors filters that lower the entropy

of the distribution on images as much as possible.)

Estimating the value of the potentials ~l is computation-

ally very demanding. Standard procedures entail performing

steepest descent on ~l; with stochastic sampling of the entire

distribution Pð~xl ~lÞ required at each iteration. The goal of

this paper is to introduce the BKGIS algorithm for rapidly

estimating the potentials based on GIS and the Bethe-

Kikuchi approximation.

3. Generalized iterative scaling

In this section we introduce GIS [3] and explain the

connection between it and the multinomial approximation,

which is an approximation described in Appendix A that

gives a rapid procedure for estimating potentials. GIS is an

iterative procedure for calculating clique potentials that is

guaranteed to converge to the maximum likelihood values

of the potentials given the desired empirical filter marginals

(e.g. filter histograms). We show that estimating the

potentials by the multinomial approximation is equivalent

to the estimate obtained after performing the first iteration

of GIS.

The GIS procedure calculates a sequence of distributions

on the entire image (and is guaranteed to converge to the

correct maximum likelihood distribution), with an update

rule given by Pðtþ1Þð~xÞ / Pð0Þð~xÞ
QQ

a¼1 {cobs
a =cðtÞ

a }fað~xÞ; where

cðtÞ
a ¼ kfað~xÞlPðtÞð~xÞ is the expected histogram for the

distribution at time t. This implies that the corresponding

clique potential update equation is given by:

lðtþ1Þ
a ¼ lðtÞa þ log cobs

a 2 log cðtÞ
a : ð2Þ

We note that the GIS procedure exploits the fact that the

filter histograms cobs
a and cðtÞ

a are normalized to 1. If two or

more filters are used it can be shown that the GIS update

procedure must be modified to the following form:

lk;ðtþ1Þ
a ¼ lk;ðtÞ

a þ ð1=MÞðlog ck;obs
a 2 log ck;ðtÞ

a Þ ð3Þ

for M filters, where the superscript k ranges from 1 through

M and labels the filter.

If we initialize GIS so that the initial distribution is the

uniform distribution on images, i.e. Pð0Þð~xÞ ¼ L2N ; then the

distribution after one iteration is Pð1Þð~xÞ / exp
�P

a fað~xÞ

logðcobs
a =aaÞ

�
; where the {aa} components are the mean
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histogram under a distribution of uniformly random images.

These can be computed efficiently, see Appendix B for

details. In other words, the distribution after one iteration is

the MEL distribution with clique potential given by the

multinomial approximation.

4. The BKGIS algorithm

We could iterate GIS to improve the estimate of the

clique potentials beyond the accuracy of the multinomial

approximation. Indeed, with sufficient number of iterations

we would be guaranteed to converge to the correct

potentials. The main difficulty lies in estimating cðtÞ
a for t .

0: At t ¼ 0 this expectation is just the mean histogram with

respect to the uniform distribution, aa; which can be

calculated efficiently as shown in Appendix B.

In this section, we define a new algorithm called BKGIS.

This algorithm updates the potentials using Eq. (2) by

approximating the expectations cðtÞ
a for t . 0 using a Bethe-

Kikuchi approximation technique [9]. Our technique, which

was inspired by the Unified Propagation and Scaling

Algorithm [8], is described in two stages. Firstly, see

Section 4.1, we derive the Bethe-Kikuchi free energy [9] for

our 2d image lattice, and simplify it using the shift

invariance of the lattice (which enables the algorithm to

run swiftly). Secondly, see Section 4.2, we use the Convex-

Concave Procedure (CCCP) [10] procedure to obtain an

iterative update equation to estimate the histogram

expectations.

4.1. The Bethe-Kikuchi free energy

We first define the Bethe-Kikuchi free energy and then

apply it to the case of two filters, ›=›x and ›=›y; on a 2d

image lattice. We write the MRF probability distribution

on the image ~x in the form Pð~xÞ ¼
Q

i;j Ci;jðxi; xjÞ=Z; where

the product
Q

i;j is over all pairs of neighboring pixels xi

and xj (with the restriction i , j to avoid double-counting

the interactions). This form is a general way of re-

expressing the MEL distribution for filters whose support

is two pixels. In other words, fið~xÞ is a function only of

two pixels for each i, i.e. fið~xÞ ¼ f ðxi; xjÞ where xj is the

appropriate neighbor of pixel xi: The Bethe-Kikuchi free

energy is

F¼
X
i;j

X
xi ;xj

bijðxi; xjÞlog
bijðxi; xjÞ

Cijðxi; xjÞ

2
X

i

ðqi 2 1Þ
X
xi

biðxiÞlog biðxiÞ;

ð4Þ

where biðxiÞ are the unary marginals on individual pixels,

bijðxi; xjÞ are the binary marginals on neighboring pairs of

pixels and qi is the number of pixels directly coupled to

pixel i (qi ¼ 4 in the case of the filters ›=›x and ›=›y

applied to a 2d lattice).

Lagrange multipliers must be added to the Bethe-Kikuchi

free energy to enforce the normalization of the unary

marginals biðxiÞ and their consistency with the binary

marginals bi;jðxi; xjÞ: We write these constraints as follows:

X
i

gi

X
x

biðxÞ2 1

 !
þ
X
i;j

X
y

mijðyÞ
X

x

bi;jðx; yÞ2 bjðyÞ

 !

þ
X
i;j

X
x

mjiðxÞ
X

y

bi;jðx; yÞ2 biðxÞ

0
@

1
A;

ð5Þ

where gi; mi;jðyÞ and mj;iðxÞ are Lagrange multipliers (and as

before we restrict i , j).

When the Bethe-Kikuchi free energy is minimized with

respect to the marginals {biðxiÞ} and {bijðxi; xjÞ}; such that

the Lagrange multiplier constraints are satisfied, then

the marginals approximate the true marginals of the

distribution Pð~xÞ ¼
Q

i;j Ci;jðxi; xjÞ=Z; namely {Pðxi; xjÞ}

and {PðxiÞ}: The marginal estimates may then be used to

calculate the histogram expectations required by the GIS

update Eq. (2), since by shift invariance we have that

kfað~xÞl ¼
P

xi;xj
Pðxi; xjÞda;fiðxi ;xjÞ

for any i (and appropriate

neighbor j ).

We can discretize the expression for the x and y

derivative filters as xiþDh 2 xi and xiþDv 2 xi; respectively,

where xiþDh denotes the pixel just to the right of pixel xi and

xiþDv denotes the pixel just above pixel xi: Since these filters

introduce only nearest-neighbor interactions on the lattice,

we can group these interactions into horizontal and vertical

interactions, and we can express the Bethe-Kikuchi free

energy as

F ¼
X

i

X
xi ;xiþDh

bhi
ðxi; xiþDhÞlog

bhi
ðxi; xiþDhÞ

Chi
ðxi; xiþDhÞ

þ
X

i

X
xi;xiþDv

bvi
ðxi; xiþDvÞlog

bvi
ðxi; xiþDvÞ

Cvi
ðxi; xiþDvÞ

2 3
X

i

X
xi

biðxiÞlog biðxiÞ ð6Þ

plus the Lagrange multiplier terms.

Exploiting the shift invariance of the lattice we get that

biðxiÞ ¼ bðxiÞ; bhi
ðxi; xiþDhÞ ¼ bhðxi; xiþDhÞ; bvi

ðxi; xiþDvÞ ¼

bvðxi; xiþDvÞ; and similarly that chi
ðxi; xiþDhÞ ¼ chðxi; xiþDhÞ;

cvi
ðxi; xiþDvÞ ¼ cvðxi; xiþDvÞ: As a result, the Bethe-Kikuchi

free energy per pixel can be re-expressed as

F=N ¼
X
x;y

bhðx; yÞlog
bhðx; yÞ

Chðx; yÞ
þ
X
x;y

bvðx; yÞlog
bvðx; yÞ

Cvðx; yÞ

2 3
X

x

bðxÞlog bðxÞ ð7Þ
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plus the following Lagrange multiplier terms:

g
X

x

bðxÞ2 1

 !
þ
X

x

mh;1ðxÞ

�
X

y

bhðx; yÞ2 bðxÞ

0
@

1
AþX

y

mh;2ðyÞ
X

x

bhðx; yÞ2 bðyÞ

 !

þ
X

x

mv;1ðxÞ
X

y

bvðx; yÞ2 bðxÞ

0
@

1
Aþ

X
y

mv;2ðyÞ

�
X

x

bvðx; yÞ2 bðyÞ

 !
:

ð8Þ

4.2. CCCP updates

We use the CCCP procedure [10] to write simple update

equations which will lower the Bethe-Kikuchi free energy

monotonically, and hence allow us to estimate the marginals

cðtÞ
a :

We express the Bethe-Kikuchi free energy Eq. (7) plus

Lagrange multiplier terms in Eq. (8) as a sum of a concave

energy function Eave and a convex energy function Evex :

Eave ¼ 24
X

x

bðxÞlog bðxÞ; ð9Þ

Evex ¼
X
x;y

bhðx; yÞlog
bhðx; yÞ

Chðx; yÞ
þ
X
x;y

bvðx; yÞ

log
bvðx; yÞ

Cvðx; yÞ
þ
X

x

bðxÞlog bðxÞ þ Lagrange

� constraints: ð10Þ

The CCCP update equation is given by:

~7Evexð~z
ðtþ1ÞÞ ¼ 2~7Eaveð~z

ðtÞÞ; ð11Þ

where ~z denotes the vector of all marginals bhð:; :Þ; bvð:; :Þ;

bð:Þ; such that the Lagrange multiplier constraints are

satisfied at each time t. This update equation gives rise to a

‘double-loop’ algorithm consisting of an outer loop, in

which the marginals are updated as a function of their

previous values and of the Lagrange multipliers, and an

inner loop, in which the Lagrange multipliers are updated.

The outer loop updates are obtained directly from Eq.

(11):

bðtþ1ÞðxÞ ¼ e3½bðtÞðxÞ�4exp½2gþ mh1ðxÞ þ mh2ðxÞ

þ mv1ðxÞ þ mv2ðxÞ�; ð12Þ

bðtþ1Þ
h ðx; yÞ ¼ chðx; yÞe

21 exp½2mh1ðxÞ2 mh2ðyÞ� ð13Þ

and

bðtþ1Þ
v ðx; yÞ ¼ cvðx; yÞe

21 exp½2mv1ðxÞ2 mv2ðyÞ�: ð14Þ

The inner loop equations update one Lagrange multiplier

at a time so as to properly impose the Lagrange constraints

(several iterations of the inner loop may be required to

satisfy the constraints). They are obtained by writing the

constraint conditions in terms of the above outer loop

expressions for the marginal updates. The g update is

obtained from the condition
P

x bðxÞ ¼ 1 :

expðgnewÞ¼
X

x

e3½bðxÞ�4exp½mh1ðxÞþmh2ðxÞþmv1ðxÞ

þmv2ðxÞ�; ð15Þ

where gnew is shorthand for gðtþ1Þ; the Lagrange multipliers

on the right-hand side are the values at time t, and bðxÞ is

shorthand for bðtÞðxÞ: (The time superscript t counts updates

within the inner loop, while the superscript t counts updates

within the outer loop.)

The marginal consistency constraint
P

y bhðx; yÞ ¼ bðxÞ

yields the update for mh1 :

exp½2mnew
h1 ðxÞ�

¼ exp½2mh1ðxÞ�

�
chðx; yÞexp½21 2 mh1ðxÞ2 mh2ðyÞ�

e3½bðxÞ�4e2g exp½mh1ðxÞ þ mh2ðxÞ þ mv1ðxÞ þ mv2ðxÞ�
:

ð16Þ

(The same superscript convention is used as before.)

Similarly, the marginal consistency constraints
P

y �

bvðx; yÞ ¼ bðxÞ;
P

x bhðx; yÞ ¼ bðyÞ and
P

x bvðx; yÞ ¼ bðyÞ;

respectively, give rise to the other update equations:

exp½2mnew
v1 ðxÞ�

¼ exp½2mv1ðxÞ�

�
cvðx; yÞexp½21 2 mv1ðxÞ2 mv2ðyÞ�

e3½bðxÞ�4e2g exp½mh1ðxÞ þ mh2ðxÞ þ mv1ðxÞ þ mv2ðxÞ�
;

ð17Þ

exp½2mnew
h2 ðyÞ�

¼exp½2mh2ðxÞ�

�
chðx;yÞexp½212mh1ðxÞ2mh2ðyÞ�

e3½bðyÞ�4e2gexp½mh1ðyÞþmh2ðyÞþmv1ðyÞþmv2ðyÞ�

ð18Þ

exp½2mnew
v2 ðyÞ�

¼exp½2mv2ðxÞ�

�
cvðx;yÞexp½212mv1ðxÞ2mv2ðyÞ�

e3½bðyÞ�4e2gexp½mh1ðyÞþmh2ðyÞþmv1ðyÞþmv2ðyÞ�
:

ð19Þ

Note that the Lagrange multiplier update equations

above are calculated sequentially rather than in parallel

(convergence is not guaranteed for paralled updates).

Several iterations (empirically, about five to ten suffice for

our application) of the inner loop are performed to update

the Lagrange multipliers, followed by one iteration of the

outer loop equations to estimate the marginals. This
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procedure is repeated until convergence is obtained

(empirically, about fifteen repetitions suffice).

5. Results

The BKGIS algorithm, as defined above, is slightly

unstable because the histogram expectations are estimated

only approximately. To circumvent this problem, we

modified the basic GIS update equation so that it makes

more conservative updates and avoids instabilities:

lk;ðtþ1Þ
a ¼ lk;ðtÞ

a þ bð1=MÞðlog ck;obs
a 2 log ck;ðtÞ

a Þ; ð20Þ

where b , 1 is a coefficient that sets the scale of the update

(b ¼ 1 corresponds to standard GIS). We chose b ¼ 0:2 as a

compromise between stability and speed of convergence.

To test the modified BKGIS algorithm on the MEL

distribution with the ›=›x and ›=›y filters, we initialized the

potentials ~lðxÞ and ~lðyÞ to the values given by the

multinomial approximation (see Appendices A and B).

The modified GIS update equations converged (though with

some oscillation) after about 15 iterations (using 10 outer

loop iterations and 10 inner loop iterations in CCCP). The

algorithm took about thirty seconds (on a Pentium 400 MHz

PC) to complete its iterations.

Fig. 1 shows the empirical ›=›x filter response marginal

obtained from natural images (taken from the Sowerby

database of rural images), the potential determined by the

multinomial approximation, and the error between

the empirical marginal and the marginal obtained using

the multinomial potential (estimated using the Bethe-

Kikuchi method). Note that the long, heavy tails character-

istic of filter marginals obtained from natural images are

obscured here due to the coarse quantization of filter

response values a. (Results are almost identical for the ›=›y

filter.) The multinomial potentials correspond to the first

iteration of BKGIS when it is initialized with uniform

potentials.

In our experiments we initialized BKGIS with the

multinomial potentials. After running the algorithm, the

potential was only slightly changed, but the error was

reduced, as shown in Fig. 2. (Note that the vertical axis scale

is about an order of magnitude larger in the first figure

relative to the second.)

The potentials obtained by BKGIS were used to generate

samples by an MCMC sampler, which are shown in Fig. 3.

We point out that our error measure compares the

observed marginals with the marginals estimated using the

Bethe-Kikuchi approximation. But there are more accurate

error measures for determining how well we have estimated

the clique potentials. Observe that our error measure

involves two types of approximations. Firstly, the BKGIS

algorithm makes use of the Bethe-Kikuchi approximation

for estimating the potentials. Secondly, we used the Bethe-

Kikuchi approximation to estimate the marginals when

evaluating the performance of the algorithm. Alternatively,

we could evaluate the potentials calculated by BKGIS by

estimating the marginals by MCMC and comparing them to

the observed marginals. This, however, requires running the

MCMC algorithm for a long time to get accurate

estimations.

Fig. 1. Top panel, observed marginal for ›=›x filter response values obtained

from natural images. (Horizontal axis indicates value of ›=›x filter response,

vertical axis indicates empirical probability.) Middle panel, potential

determined by multinomial approximation, shown as 2lðxÞa along vertical

axis with a ¼ filter response of ›=›x filter displayed along horizontal axis.

Bottom panel displays error, i.e. difference between observed marginal and

the marginal obtained using the multinomial potential, along vertical axis,

as a function of a along horizontal axis.
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6. Discussion

This paper applied the GIS algorithm [3] to the problem

of learning MRF potentials [12] from image histograms. We

introduced a new algorithm called BKGIS which used a

Bethe-Kikuchi approximation [4,9] and a CCCP algorithm

[10] to speed up a crucial stage of the GIS algorithm. In

addition, we demonstrated that the first iteration of GIS, or

BKGIS, corresponds to an approximate method for

estimating potentials [2].

We note that our method can be generalized to apply to

any set of filters (of arbitrary form, linear or non-linear) by

using higher-order Kikuchi [9] approximations. (The Bethe

approximation is directly applicable only for filters whose

support size is two pixels.) However, this generalization

comes at the cost of a computational complexity that

increases exponentially in the support size of the filters. An

alternative scheme is to introduce auxiliary variables that

allow the use of the Bethe approximation for any size filters,

with a computational cost that is linear in the size of the

filters. It remains to be seen if this technique is practical,

both in terms of computational complexity and the quality

of the underlying Bethe approximation. Finally, we point

out that our method is formulated for MRFs defined in terms

of filter marginals, and it is straightforward to extend the

method to handle joint histograms of two or more filters.

(However, is unclear how to extend the method to

distributions defined in terms of moments of filters.)
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Appendix A. The g-factor and the multinomial

approximation

This section defines the g-factor function, which was

introduced in earlier work [1,2] to establish connections

between the distribution on images, Pð~xl ~lÞ; with the

corresponding distribution induced on features. The g-

factor also motivated the multinomial approximation, which

Fig. 3. Stochastic image samples, obtained by an MCMC algorithm, of the MRF distribution whose potentials have been determined by BKGIS.

Fig. 2. Top panel, potential obtained from BKGIS. Bottom panel shows

error, which is smaller than that obtained using multinomial potential (Fig.

1). (Same axes as in the last two panels of the previous figure, except that

the vertical scale for the error is smaller than the version in Fig. 1.)
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was used to determine an efficient procedure for approxi-

mating the potentials.

The g-factor gð ~cÞ is defined as follows:

gð ~cÞ ¼
X
~x

d ~fð~xÞ; ~c
: ðA1Þ

Here L is the number of grayscale levels of each pixel, so

that LN is the total number of possible images. The g-factor

is essentially a combinational factor which counts the

number of ways that one can obtain statistics ~c; see Fig. 4.

Equivalently, we can define an associated distribution

P̂0ð ~cÞ ¼ ð1=LNÞgð ~cÞ; which is the default distribution on ~c

if the images are generated by uniform noise (i.e.

completely random images).

We can use the g-factor to compute the induced

distribution P̂ð ~cl ~lÞ on the statistics determined by MEL:

P̂ð ~cl ~lÞ ¼
X
~x

d ~c; ~fð~xÞ
Pð~xl ~lÞ ¼

gð ~cÞexp½ ~l· ~c�

Z½ ~l�
; ðA2Þ

where the partition function is:

Z½ ~l� ¼
X
~c

gð ~cÞexp½ ~l· ~c�: ðA3Þ

Observe that both P̂ð ~cl ~lÞ and logZ½ ~l� are sufficient for

computing the parameters ~l: The ~l can be found by solving

either of the following two (equivalent) equations:
P

~c
�

P̂ð ~cl ~lÞ ~c ¼ ~cobs; or › log Z½ ~l�=› ~l ¼ ~cobs; which shows that

knowledge of the g-factor and exp½ ~l· ~c� are all that is

required to do MEL.

Observe from Eq. (A2) that we have P̂ð ~cl ~l ¼ 0Þ ¼

P0ð ~cÞ: In other words, setting ~l ¼ 0 corresponds to a

uniform distribution on the images ~x:

A.1. The multinomial approximation

We now consider the case where the statistic is a single

histogram. Our results, of course, can be directly extended

to multiple histograms. We describe the multinomial

approximation of the g-factor and discuss the procedure it

prescribes for estimating the potentials.

We rescale the ~l variables by N so that we have:

Pð~xllÞ ¼
exp½N ~l· ~fð~xÞ�

Z½ ~l�
;

P̂ð ~cllÞ ¼ gð ~cÞ
exp½N ~l· ~c�

Z½ ~l�
:

ðA4Þ

We now consider the approximation that the filter

responses {fi} are independent of each other when the

images are uniformly distributed. This is the multinomial

approximation. It implies that we can express the g-factor as

being proportional to a multinomial distribution:

gð ~cÞ ¼ LN N!

ðNc1Þ!…ðNcQÞ!
a

Nc1

1 …a
NcQ

Q ; ðA5Þ

where
PQ

a¼1 ca ¼ 1 (by definition) and the {aa} are the

means of the components {ca} with respect to the

distribution P̂0ð ~cÞ: As we will describe later, the {aa} will

be determined by the filters {fi}: See Appendix B for details

of how to compute the {aa}:

This approximation enables us to calculate MEL

analytically.

Theorem. With the multinomial approximation the log

partition function is:

log Z½ ~l� ¼ N log L þ N log
XQ
a¼1

exp½la þ log aa�

( )
; ðA6Þ

and the ‘potentials’ {la} can be solved in terms of the

observed data {cobs,a} to be:

la ¼ log
cobs;a

aa

; a ¼ 1;…;Q: ðA7Þ

We note that there is an ambiguity la 7! la þ K where K is

an arbitrary number (recall that
PQ

a¼1 cðaÞ ¼ 1). We fix this

ambiguity by setting ~l ¼ 0 if ~a ¼ ~cobs:

Proof. Direct calculation, using the fact that

› log Z½ ~l�=› ~l ¼ ~cobs: A

Our simulation results show that this simple approxi-

mation gives the typical potential forms generated by

MCMC algorithms for MEL.

Appendix B. Computing ~a

We need to calculate ~a; the mean filter response

histogram under a distribution of uniformly random images,

in order to use the multinomial approximation to estimate

the potentials. (This estimate can be used as is, or can be

improved by using it to initialize the BKGIS algorithm.)

Fig. 4. The g-factor gð ~cÞ counts the number of images ~x that have statistics
~c: Note that the g-factor depends only on the choice of filters and is

independent of the training image data.
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We define ~a as:

~a ¼
X
~x

P0ð~xÞ ~fð~xÞ ¼ L2N
X
~C

gð ~CÞ ~C; ðB1Þ

where P0ð~xÞ ¼ L2N is the uniform distribution on images (N

pixels and L grayscale levels).

If we select any arbitrary pixel i in the image, then it is

straightforward to show that the distribution of filter

responses fið~xÞ ¼ z at that pixel is just az; where z ¼

1; 2;…;Q labels all possible filter responses. In equations, if

we define

~P0ðfi ¼ zÞ ¼
X
~x

P0ð~xÞdfið~xÞ;z
ðB2Þ

then we can show that az ¼ ~P0ðfi ¼ zÞ for any pixel i.

Next we show a numerical method for calculating
~P0ðfi ¼ zÞ for any linear filter, and then describe how to

generalize to any non-linear function of a linear filter.

B.1. Linear filter case

The filter response at pixel i is a linear combination of

pixel intensities in some neighborhood NðiÞ of i, i.e.

fi ¼
X

j[NðiÞ

kjxj; ðB3Þ

where kj are the filter kernel coefficients and xj are

individual pixel intensities. Since P0ð~xÞ corresponds to an

i.i.d. distribution of pixels, it follows that fi is a sum of

independent random variables, i.e. fi ¼
P

j[NðiÞ yj where

yj ¼ kjxj:

Thus the distribution of fi is just the convolution of the

distributions on the yj’s:

~P0ðfi ¼ zÞ ¼ ½P0ðyj1
Þ £ P0ðyj2

Þ £ · · ·P0ðyjS
Þ�lz; ðB4Þ

where P0ðyjÞ ¼ ð1=LÞ
PL21

xj¼0 dðyj 2 kjxjÞ; i.e. all values of

yj ¼ kjxj for xj ¼ 0; 1;…;L 2 1 are equal likely, and

j1; j2;…; jS label the pixels in NðiÞ: If the kernel values kj

are integers (we can always re-scale the kernel values by a

sufficiently large constant to make this approximately true),

then these convolutions can be performed numerically using

vectors of length Qlkjlþ 1 to represent P0ðxjÞ:

B.2. Non-linear filter generalization

We can generalize the calculation of ~P0ðfi ¼ zÞ to the

case where the filter fið~xÞ is defined as any non-linear

function of a linear filter:

fi ¼ h
X

j[NðiÞ

kjxj

0
@

1
A ¼ hðFiÞ; ðB5Þ

where hð:Þ is any scalar function of a scalar variable and

Fi ¼
P

j[NðiÞ kjxj: As before we can use numerical convolu-

tion to calculate the distribution on Fi; ~P0ðFi ¼ wÞ; which

induces the desired distribution on fi : ~P0ðfi ¼ zÞ ¼
P

w �
~P0ðFi ¼ wÞdz;hðwÞ:
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