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Abstract

We describea novel viewpoint-lighting ambiguity which
we call the KGBR. This ambiguity assumesrthographic
projection or an af ne camen, and usesLambertianre-
ectance functionsincluding cast/attatied shadowsand
multiple light sources. A KGBR transformalters the ge-
ometry(by a three-dimensiona&f ne transformation)and
albedopropertiesof objects. If two objectsare relatedby
a KGBRtransformthenfor any viewpoint and lighting of
the r st objectthere existsa correspondingviewpoint and
lighting of the secondobject so that the images are iden-
tical up to an af ne transformation. The Geneerlized Bas
Relief (GBR) ambiguity[1] is obtainedas a specialcase
of the KGBR.We describegeneric viewpoint and lighting
assumption$s5] and showthat either or both, resolvethis
ambiguityby biasingtowards objectswith planargeometry
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1 Intr oduction

From prehistorictimes artistshave caned portraitsin bas
relief (seethe Assyrianart in the British Museum). In
suchportraitstherelative depthof the objectis compressed
(mathematicallythereis a transformationz 7! z where
z isthedepthand < 1 isthe compressiorfactor). The
shadingand shadevs of the resultingsculptureshowever,
appeatto bevery realistic. Similar basrelief sculpturesoc-
cur at the Yale University campus(P. Belhumeur— private
communication).

Recentwork by BelhumeurKriegmanandYuille [1] has
shawvn thatthereis a generalizedasrelief (GBR) ambigu-
ity, see gure (1), in theequationgor shadingandshadaevs

(assuming Lambertiarre ectancemodelwith castandat-
tachedshadaevs). The GBR includesthe standardasrelief
ambiguityasa specialcase.(This ambiguityis of practical
consequenci photometricstereoseg[9]).

The rst goal of this paperis to demonstratea novel
viewpoint-lighting ambiguity which we call the KGBR.
(Thenameis obtainedby adding“K” to “GBR” where“K”
standdor the Germanmathematiciarelix Klein who pio-
neeredhestudyof grouptheoryfor geometry) TheKGBR
actson anobjectby a three-dimensionaf ne transforma-
tion on the object's geometrycombinedwith a transforma-
tion on the object’s albedo. If two objectsare relatedby
a KGBR transformthenfor ary viewpoint andlighting of
the rst objectthereexists a correspondingiewpoint and
lighting of thesecondbjectsothattheimagesareidentical
up to an afne transformation. We prove that the Gener
alizedBasRelief (GBR) ambiguityis a specialcaseof the
KGBR. It is obtainedby imposingthe additionalconstraint
thatthereexistsa specialviewpointfrom whichthetwo ob-
jectsappeaidentical.

The KGBR givesadirectlink betweenshadaev/shading
ambiguities,suchasthe GBR, and ambiguitiesin surface
geometrywhich arisein structurefrom motion for objects
composeaf point-like featureq7],[8]. Indeed for any lin-
earambiguity which arisesin multiple view geometry[6]
for point-like featureswe canobtainan identicalambigu-
ity for shadingandshadaevedsurfacesby usingthe KGBR.

The secondyoal of this paperis to investigatethe effect
of the genericviewpoint/lightingassumption5],[3] on the
KGBR ambiguity Theintuition behindthis assumptions
that humanobsenerstendto avoid interpretationsof the
datawhich correspondo “accidental”,or unusuallighting
and/orviewpointconditions.Thisassumptioris formulated
mathematicallypy treatingviewpointandlight as“nuisance
variables"which shouldbeintegratedover [5].



Our resultsprove thatthe genericviewpoint/lighting as-
sumptionscausesa bias towardsplanarobjects. In other
words, an obsener would preferto interpretan imageas
if it werea at painting. Theseresultsare consistentith
earlierresultsby WeinshallandWerman[11] whoanalyzed
the stability of the perceptionof three-dimensionashapes
(but who did not considershadingor shadavs). Theresults
also extend our previous work [10] wherewe appliedthe
generidighting assumptiorio disambiguatéhe GBR.

In section(2) we de ne the KGBR andprove thatit pre-
senestheshadingandshadaev propertiesof surfacesasthe
lighting changesSection(3) provesthatthe KGBR givesa
joint viewpoint-lightingambiguity In section(4) we shov
thatthe GBR ambiguitycanbeobtainedasa specialcaseof
the KGBR. Section(5) givesan exampleof the KGBR ap-
pliedto faces.In section(6) we prove thatgenericassump-
tionson lighting andviewpoint resole the KGBR ambigu-

ity.
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Figurel: If thelighting conditionsareunknown, thenit is
impossibleto distinguishbetweentwo objectsrelatedby a
GBR (generalizedasrelief) ambiguity For arny imageof
the rst object, underoneillumination condition, we can
always nd a correspondingllumination condition which
malesthe secondobjectappeaiidentical(i.e., generatean
identicalimage). We shav two objectsunderthreediffer-
ent,but correspondingdighting conditions.
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2 The KGBR

In this sectionwe de ne the KGBR transformson the sur
face,albedo,andlight sourcedirections.We show thatthis
will presere the shadingand shadavs on the surface In
the following section,we seewhat this implies aboutthe
projectionof the objectto differentviewpoints.
Supposeave have a surfacer = (u; v) where(u; v) are
coordinateon the surface. The surfacenormalis denoted
by A(u; v). Let a(u; v) bethe surfacealbedoandlet s de-
note the lighting. (In this paperwe will assumea single
light sourcefor simplicity, but theresultsgeneralizedirectly
to multiple light sources).
De nition 1 A
(u; v);R(u; v);a(u; v); s

KGBR transform takes
to  T(u;v);fi(u;v);au;v);3

whee:

U v) = Keu;v); a(u;v) = a(u; v)detk jK 1T r(u; v)j
1)

K ¥Ta(uv) 1 K s @

K ITR(u;v)j’ = detk

fi(u;v) =

Thematrix K of the KGBR cantake ary form. It gives
an afne transformationon the three-dimensionasurface
which caninvolve squashingskewing, or rotatingthe sur
face(or any combinationof theseoperations).Theform of
fi(u; v) in equation(2) is deriveddirectly from the transfor
mationonthesurfaceshape-(u; v). (To seethis, recallthat
fi(u; v) mustbe orthogonalto the surfacetangentvectors
™y (u; v) andry, (u; v) whichtransformby the KGBR.)

ThefactordetK in thetransformatiorof the albedoen-
suresthatthe albedoremainsnite in thelimit thatthema-
trix K becomesion-invertible.

Theorem 1 If two objectsandtheir lighting are related
by a KGBRthentheir shadingand shadowsare preserved
in the surfacecoordinates(u; v).

Proof. It followsdirectlyfromequation(2) thattheshad-
owsonthesurfaceare preservedy KGBRtransformg(i.e.
if point (u;Vv) is in shadowon surface+(u;v) with light
sources, thenit is alsoin shadowon surfacef(u; v) under
light souices). Fromequation(2), we obtain:

maxf &(u; v)fi(u;v) %;0g= maxfa(u;v)r(u;v) s;0g;
®3)

andsotheshadingis alsopreserved.

3 Viewpoint Projections

The previous section has establishedthat shading and
shadaev propertiesatpoints(u; v) onasurfacearepresered
by a KGBR transformation.We now determinewhat hap-
pensaswe projectthe surfaceontoanimageplane.

De nition 2 A projection is speci ed by two vectos
€1; €. For orthographic projectionthesevectos are con-
strainedto be orthogonal unit vectos. For theaf ne cam-
era there are no constaints. The viewpoint direction for
orthographic projectionis de nedtobewv; = € €. A
point (u; v) on the surfacer(u; V) is projectedto points
p1(u; v); p2(u; v) in theimage planeby

pr(u;v) = &1 KUy V), pa(u;v) = & Hu;v): (4)

We now shaw thatthereis a viewpoint-lightingambigu-
ity, seegure (2). Ourresultsaregivenin Theorems, 3 for



Figure 2: The joint viewpoint-lighting ambiguity If two

objectsare relatedby a KGBR thenfor ary view of one
thereis a correspondingiew of theotherwhichis identical
(for theaf ne camera)or identicalup to anaf ne warp (for

orthographigprojection). The lighting is alsotransformed
by the coorespondingGBR.

the afne cameraand for orthographicprojectionrespec-
tively. We emphasizéhatourresultsonly applyto the “vis-
ible” portionsof the objectsbecausastheobsener'sview-
point changegherewill be pointson the objectwhich are
nolongervisible (our resultdoesnot applyto suchpoints).

Theorem 2. If two objects' geometryand albedo are
relatedby a KGBR transformK , then for any viewpoint
andillumination conditionof oneobjectthere existsa view-
pointandillumination conditionfor the secondbjectsudch
that theimages(of the visible portions)of both objectsare
identical. Theviewpointprojectionsare givenby the af ne
cameawith?;, = K 1Tg andt, = K 1Te,.

Proof. For theaf ne camen, weusetheprojectionequa-
tion (4) to compae the projection of +(u; v) and *(u; v).
By combiningequationg2,4) we canexpressthe projection
of #(u;v) by p1(u;v) = € K 1(u;v) andpz(u;v) =
& K 11(u;v). Thisisidenticalto the projectionof ™(u; v)
usingt; = K 3Te andt, = K 1Te,.

We now extendourresultto themorepracticalcaseof or-
thographigrojection(it is alsostraightforvardto dealwith
scaledorthographic). In this case,the projectionsvectors
€1; € arerequiredto be orthogonalunit vectors.We cannot
applyTheorem2 andsett; = K %Te andt, = K 1Te
becaus¢his transformatiordoesnot ensurehatthevectors
T1; T, areorthogonalunit vectors(exceptfor theuninterest-
ing specialcasewhereK is arotationmatrix).

Insteadwe loosenour notion of imagesimilarity. Fol-
lowing Wermanand Weinshall[12] we consideran af ne
invariantmeasuren thesetof images.

De nition 3 Twoimages!| and " are identicalup to an
af ne transformationA providedwecan nd matrix coef-
cientsAi1; A12; Az Az sud thatthefollowing condition
is satis ed:

A Ap P1

_ P
= 5
A Ax p2 ©)

P

sothat! (py; pz2) = (Pr; P2) for all (pu; p2).

Theorem 3 If two objectsare relatedby a KGBRtrans-
form K, then for any viewpoint and illumination condi-
tion of one objectthere exists a viewpoint and illumina-
tion conditionfor thesecondbjectsud thattheimages(of
the visible portions) of both objectsare identical up to an
afne transformation. The projectionis orthographic and
theviewpointsare relatedby ¥ = K v=jK vj.

Proof. To ensue that projectionse;; e, and€;; 6 of
t(u; v) and™(u; v) are identical up to an afne transfor
mation, seeequation(5), requires nding orthogonal unit
vectost; ;& andcoefcients A11; A12; Asq; Ay sudh that:

1;T .

= AuK Yo + ApK €;
= AnK e+ ApK ey, (6)

whee €;; € are orthogonal unit vectos. Theseconditions
canalwaysbesatis edprovidedK isinvertiblebecausehe
vectos K 1T¢ K 1Te, spana two-dimensionakpace
andwe canselectA11; A12; A1 Aoy to ensue that Ty ;&

are orthogonal (by the Gram-Stimidt orthogonalization
process).

To get more geometricalundesstandingof equation(6),
recall that any orthographic projectioncorrespondso lin-
ear projection onto a plane The normalsto this plane
is the viewpoint direction, seeDe nition 2, and is given
by = &1 € and® = T T, respectively Hence
¥/ K YTe K LTe,. It followsdirectly(usinge; v =
€ v = 0)that¥ = jﬁ:j .

We canalsodetermingheform of theaf ne transforma-
tion A . Theresultsaregivenby thetheorem.

Theorem 4 Theaf ne transformatiorA is preservedy
thetransformationsA 71 A T ,whee and arero-
tation matricescorrespondingto the choice of coorinate
systemsn the viewing planes. Theremainingportions of
A are speci edby therelationsdet A = detk 5K %j and
Tracd AA Tg= TracdKK Tg jK T2

Proof. Lettheaf ne transformbeA . Thenwecandeter
mineit in termsof K bythefollowingprocedue. Firstly, the
requirementthat €;; €, and®;;t, are pairs of orthogonal
unit vectos meanghatdetA = detK =jK %j. Secondlywe
havethefreedonto rotatetheaxese; ; €, byarotation in
the r stviewing planeandsimilarly rotate®; ; ¢, by a sim-
ilar rotation in the secondviewing plane Therefore we
havethefreedontosendA 7! A 7. Finally weseethat
thisimpliesthat Tracef AA T gis constant By substitution,
weobtainthatTracef AA Tg= TracdKK Tg jK T2
Thustwo of thefour degreesof freedonof A aredetermined
uniquelyby K andthe othertwo degreesof freedoncorre-
spondto the arbitrary choiceof coodinateaxesin thetwo
viewing planes.




We have avoidedthe specialcasewhereK is notinvert-
ible. In this degeneratecase equation(2) impliesthatone
objectis planar If the secondobjectis also planarthen
theresultsabove are easyto prove. If the secondobjectis
non-planarhowever, thenthe resultsno longerhold. This
is becauseall views of the planarobjectare equivalentto
within an afne transformationand thereforeonly corre-
spondgo asingleview of the non-planambject(the front-
onview). Thusfor almostall views of thenon-planaobject
thereis no correspondingiew of theplanarobject. Thisap-
pliesbothfor theaf ne cameraandfor orthographic/scaled-
orthographigrojections.

4 Relationship to the Generalized
BasRelief (GBR) transformation

TheKGBRis ageneralizatiomf theGeneralizedasRelief
(GBR) transformatiorto the casewherewe alter both the
lighting andtheviewpoint. We now shav thatwe canobtain
the GBR asa specialcaseof the KGBR.

Theoremb5. If two objectsarerelatedbya KGBRK and
there existsa specialviewpointv sud that the images of
thetwoobjectsareidentical,thenK mustbeofformG 7T
where G isaGBR.

Proof. Let the two objectsbe #(u;v) and (u;v) =
K #(u; V). If there existsa specialviewpoint (either ortho-
graphicor with an af ne camen) suc thattheimagesare
identicalthenwecan nd vectos ¢, ; €, sud that:

€ Hu;v) =€ Ke(u;v); 8u;v
e ~Uu;v) =6 Kr(u;v)8u;v: (7
ThisimpliesthatK T hastwo unit eigervectose; ; €,

(unlessthe surfaceis degenemte). Henceby a suitable
choiceof coodinatesystemwve canexpressk 7T as:

1
100
K T=@0 1 0A; (8)

which is of GBRform [1]. Corversely if K 5T hastwo
unit eigervaluesthenwe can de ne the projectionsto be
their correspondingeigernvectos.

5 A FaceExample

We now considera simpleexampleof anobject,in thiscase
aface,see gure (3), viewedfrom approximatelyfront-on.

We usetheimagecoordinategx; y) from thefront-onview-
pointasthelabelsfor pointsonthesurface.(l.e. wereplace

(u;v) by (X;y)).

Figure 3: Two Facesrelatedby a KGBR. Top Panel: the
facesseenfrom side-on. Middle Panel: the facesviewed
from front-on, sothey appeaiidentical. Bottom Panel: the
facesviewed from differentbut correspondingriewpoints
(rotating the rst objectby 15 degreesaboutthe vertical
axis)sothattheimagesaresimilarupto anaf ne transfor
mation(ascalingin theverticaldirection).

Supposene have oneobjectwith ~(x;y) = xT+ yj +
f (x; y)Rk whichis transformedy a GBRtoF(x; y) = xt +
yi+ (f (x;y) + x + y)R. Now supposene rotatethe
viewpoint abouttheT axis. This gives projectionvectors
€ = Tande, = cos + sin K forthe rst object.We get
correspondingrojectionvectorst, = Tand®, = cos’J +
sin "k for thetransformedbject.

With theseprojections,we seethat points(x; y) on the
surfaceswill projectto points(x;ycos + f(Xx;y)sin )
and(x; ycosA+ f (x;y)sin "+ x sin "+ ysin A) re-
spectvely.

We relatethesecoordinateshy an afne transformA.
ThisgivesA1; = 1;A1, = 0, A = sin =fsin® +
( cos sin )2g'2, Ay, = =fsin> + ( cos

sin )2g'*2. Wherecot " = cot



Theimagesarethe sameup to the af ne transformation
A. We obsene that for small rotations we getAj;
= andAj, 1+2 =.

6 Generic Viewpoint and Lighting
Constraints

The genericlighting andviewpoint assumptionsvere for-
mulatedin Bayesiartermsby Freemar5], [3]. It involves
treating lighting or viewpoint as a “nuisance” parameter
which shouldbeintegratedout, see gure (4).

Figure4: (Top Panel). We plot the probabilitiesP (1 jb;s)
(solid line) and P (I jﬁ;s) (dashedine) asfunctionsof s.
(For simplicity I ands are scalars.) The image measure-
ment! is equallylikely for objectb and b assumingthat
s=1,ie,P(ljb;s = 1) = P(IjB;s = 1). However, if
weintegrateovers we nd thatP (I jb) > P(Ijﬁ), i.e.,there
is moreevidencefor objectO if we assumeonly a uniform
prior on s. In otherwords, the image measurement is
morestablefor objectbthand. (BottomPanel)Brainardand
Freemaranalyzedheuseof the genericassumptiorior the
probabilitydistribution P (1 js; b) = pLe (1 D=2 °),
We plot this asa function of s; b, shawvn for I = 10:0. If
thevariables is integratedout thentherebecomes unique
bestestimatefor b.

In previous work [10], we analyzedthe effect of the
genericlighting constraint,as formulatedby Freeman5],

on the GBR and shavedthat it resoled the ambiguity by
biasingtowardsthe fronto-parallelplane.

In this sectionwe generalizeéhisresultto theKGBR for
viewpointandlighting. We alsodemonstrat¢hatthereis a
biastowardsplanarobjectsevenif we keeptheillumination
x ed. This veri es aresultby WeinshallandWerman[11]
obtainedfor point/featuresets(i.e. not dealingwith shad-
ing andshadavs) andusingadifferentmathematicaframe-
work. Indeed our resultcon rms WeinshallandWermans
intuition thatananalysisof the genericviewpoint assump-
tion basedon Freemars Bayesiarformulationwould yield
resultssimilar to theirs.

To formulate the genericviewpoint and lighting con-
straints we assumehat:

P(lisiairv) = F(siaimvil); ©)

whereF (s;a;t;%; 1) is a function which is invariantto a
KGBR. Thisinvariancds guaranteedf theimagehasLam-
bertianshadingand shadaving, seeTheorem1, modi ed
by any noiseprocesdgo take careof the imaging. For ex-
ample,we could setF (s;a;r;w; 1) = N(I  an s;)
whereN is a multivariateGaussiardistribution with mean
I anm s andcovariance . Alternatively, we could set
F(s;a;&w1) = (I an s) where () is the multi-
variateDirac deltafunction.

We now assumehatall lighting s is equallylikely and
all viewpoints¥ are equally likely. This meansthat the
probabilitythattheimagel is generatedby the objectwith
a(u; v); +(u; v) is obtainedby integrating P (I js; a; ;%)
with respecto s andthesolidangle . In otherwords:

z

P(lja;r) = dsd F(s;a;8%;1): (20)

To determinehow the generic constraintsaffects the
KGBR we must rst obtainanexpressiorfor how thesolid
angled transformaundera KGBR. Theresultis statedn
thefollowing lemma.

Lemma 1 If the viewpointis relatedby ¥ = K v=jK v},
thenthe solid anglesare relatedbyd” = detk d =K vjS.

Proof. Thisis a standad resultin af ne geometry To
obtainit, setw(; ) tobea unitvectorrepresentingview-
pointwhere ; are coodinateson the unit sphee. Then
thesolidangleisd =jv v jdd . Thesolidangleon
thetransformedsurfaceisd™ = j¢ ¥ jdd . Bysetting
¥ = KvjKvj weobtainj? ¥ j = detk 5K vj3.

We now obtainour mainresulton genericviewpointand
lighting.

Theorem 6. If two objectsa; - and ;T are relatedby a
KGBRK (whoseeigervaluesare requiredto all be nite),



thentheir likelihoodfunctionsmarginalizedover viewpoint
andlighting, are givenby
z
P(lja;r) =
Z
P(ljam™ = dsd

dsd F(s;a;rwl);

WF(S; asw i), (11)

andtheintegrandof P (I j&; ) becomesargestasdetK 7!
0 correspondingto a planar surface Thelefore the most
probableinterpretationof animageis of a planar surface
Proof. Supposeave havetwo objectsa(u; v); +(u; v) and
a(u; v); ™(u; v) relatedby a KGBRK . Thenwe canwrite
thelikelihoodsfor thetwo objectsas:
z
P(lja;r) = dsd F(s;a;rw1);
z
PUja® = dsd " F@E&arel): (12)

We nowperforma change of variablesin theintegral for
P (1j&;T) correspondingto the KGBR. Recallingthat the
integrand F (s; a;;%; 1) is invariant to a KGBR the only
changeis the Jacobianfactors. By equation(2) we seethat
d3 = (1=detk )?ds. And by the previousLemmawe have
d” = detk d K vj3. Thisyields:
z

P(lja;™ = dsd F(s;a;rw 1) (13)

jK¥j3detk

The differencebetweenP (1 ja; &) and P(l j&;T) is the
factor m in the integrand of the later. This factor
becomesn nite in the limit asdetK 7! O which corre-
spondgo ™ becomingplanar.

For ary imagel andobjecta;+ therewill be a dom-
inant light sources and viewpoint ¥ which maximize
F (s;a;r;¥;1). ThetransformatiorK who zeroeigervalue
lies in the directionof ¥ is the bestone— so the surface
getsmadefronto-parallel.

We alsoget a similar resultif we keepthe illumination
x ed andjust integrateover viewpoint. This is similar to
a result obtainedby Weinshalland Wermanby different
methods.

Theorem 7. If two objectsa; + and 4; T* are relatedby a
KGBRK (whoseeigervaluesare requiredto all be nite),
thenmaiginalizingtheir likelihoodfunctionsoverviewpoint
givesa biasto a planar surface providedF (s; a;r; €;1) 6
0 whee e is theeigernvectorof K with zeo eigervalue

Proof. We compae P (I ja;+;s) with P(l j&; T 3). This
requires integrating over viewpoint only. The difference
betweenthe two integrandsis simply the Jacobianfactor

detK 5jK ¥j® for viewpoint. Nowlet detK 7! O andlete
be the eigenvectorcorrespondingo the zeo eigervalueof
K. Thentheintegral for P (I j&;™;3) will havea contribu-
tion fromviewpointy = e which becomesn nitely large as
detK 7! 0. Hencewebiastowardsa KGBRwithdetKk = 0
andthe preferredinterpretationis a planar surface

7 Conclusion

The rst goal of this paperwasto describea joint lighting
andviewpoint ambiguity which we calledthe KGBR. We
shaved that the GeneralizedBas Relief (GBR) ambiguity
[1] is a specialcaseof the KGBR. Our resultsassumea
Lambertianre ectancemodelwith castandattachedshad-
ows andallows for multiple light sourcesTheviewpointis
modeledeitherby anaf ne cameraor by orthographigro-
jection. If orthographigrojectionis usedthenthe KGBR
ambiguityis with respecto anaf ne invariantimagemea-
sure[12].

Oursecondyoalwasto analyzehow thegeneridighting
andviewpoint assumptiong5] interactedwith the KGBR
ambiguity We shawved, subjectto certaintechnicalcon-
straints, that either or both of theseassumptiondisam-
biguatedthe KGBR ambiguityby biasingtowardsa planar
surface. Theseresultsareconsistentvith earlierresultsby
Weinshalland Werman[11] who analyzedthe stability of
theperceptiorof three-dimensionahapegbut whodid not
considershadingor shadavs). Theresultsalsoextendour
previous work [10] wherewe appliedthe genericlighting
assumptiorio disambiguatehe GBR.
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